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FINDING A COMPROMISE SOLUTION TO THE
TRANSPORTATION PROBLEM UNDER UNCERTAINTY

Abstract: The paper considers the solution of one combinatorial optimization problem
under uncertainty. Its functional in deterministic formulation is a linear convolution of
weights and arbitrary characteristics of a feasible solution. A constructive algorithm for its
solving is a general linear programming problem solution algorithm. Under the uncertainty
we mean the ambiguity of the weight values in the functional we optimize. We propose a new
approach for finding a compromise solution by the criterion of minimizing the total weighted
excess of “desired” upper bounds on the optimal values of particular functionals. The basis of
this approach is the construction and solution of some linear programming problem. We illus-
trate this approach on a transportation problem example in conditions of uncertainty.

Key words: Uncertainty, combinatorial optimization, compromise solution, transporta-

tion problem of linear programming.

Introduction

Various decisions have to be regularly made in business practice. An important
condition for rational decision making is to have as accurate information as possible
about the decision subject and its consequences. However, obtaining accurate and com-
plete information on which decision making is based is often not possible. Uncertainty
arises when it is not possible to assess the future development of events both in terms of
their fulfillment probability and from the point of view of their manifestation type.

Papers [1, 2] introduced a new class of combinatorial optimization problems
under uncertainty with the following properties:

1) the optimization criterion is a linear convolution of weights and arbitrary
numerical characteristics of a feasible solution;

2) there exists an efficient algorithm for the problem solving in a deterministic
formulation and any structural change in its range of feasible solutions (for example,
adding a linear constraint) makes the algorithm’s application impossible;

3) the uncertainty in the combinatorial optimization problem solution refers to
the ambiguity of the weight coefficients’ values included in the optimization criterion.

Authors of many publications use a linear convolution for problems solving un-
der uncertainty. However, all works are devoted to solving multi-criteria problems
from different areas of economics and technology by reducing them to single-criterion

problems (e.g., [3—7]). We have not found the use of a linear convolution of weight
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coefficients and arbitrary numerical characteristics of a feasible solution for an effi-
cient solving of problems of the abovementioned class under uncertainty. For example,
the method of finding a compromise solution to the two-criteria linear programming
problem in [8] uses the Lp-metric. However, our approach is fundamentally different
already in that we need to solve only one, not three, optimization problems to find a
compromise solution. The problem in our statement is considered for the first time:
there is no definition of the abovementioned sufficiently wide class of combinatorial
optimization problems in papers (e.g., [9-11]). And complex and time-consuming me-
thods of stochastic and robust optimization are developed to solve various forms of
uncertainty. However, most of the publications reviewed highlighted the critical im-
portance of taking into account dynamism and uncertainty, in particular when planning
and scheduling in practice, and the need to consider this uncertainty in decision mod-
els. Therefore, combinatorial optimization problems under uncertainty attract consid-
erable attention from both practitioners and academia [12]. A comprehensive literature
survey of aggregate production planning under uncertainty given in [13] concluded
that a large portion of the existing research studies the deterministic state of the plan-
ning and ignores its inherent uncertain nature. In practice, this may lead to consider-
able errors and imprecise decisions.

Papers [1, 2] describe the theoretical basics for solving the considered class of
problems. The authors propose there five compromise criteria for the uncertainty resolv-
ing. Also, they identify new properties of linear convolution that form the basis of effi-
cient formal procedures for compromise solutions finding. Paper [14] illustrates by spe-
cific examples the efficiency of these theoretical propositions for single product and
multiple products transportation problems. The paper also substantiates the extension of

the class of combinatorial optimization problems under uncertainty introduced in [1, 2].

General theoretical positions

The main provisions of the theory described in [1, 2, 15] are as follows. We
study the class of combinatorial optimization problems of the following form:

S

min» ok (c) (1)

ceQ ieq
where , are numbers, k,(c) is i-th arbitrary numerical characteristic of a feasible so-

lution i = 1,_8, Q2 is the set of all feasible solutions.
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There are R sets of weights {wi’, i=1, s}, r =1, R. Each one may be a set of
coefficients ®,, ..., ®, of the problem (1) at the stage of fulfillment of its solution. We

need to find a feasible solution o € Q) that satisfies one of the below mentioned criteria.

Let us denote:

fO;t = len Zs: o; k, (G), {G,} = argmin ZS: ok, (G),
OS2 i1 i=1

ceQ “4

I - i(iw?ki(cr)— ]

m=1\i=I
m#r

Remark 1.1f {5, } consists of more than one solution, we keep the one on which

we have min L. and denote this solution by 6, (we show in [1] how to obtain o, for

the case when Q is finite).

Suppose that L, = min L, (L, corresponds to a solution o ).

Criterion 1. We need to find o that reaches

min Z(Zwk (6)- fo;tj- )

Criterion 2. Find a feasible solution that satisfies the condition
R s
min ). a{z o[k (o) - fo;tj 3)
r=1 i=1

where a. > 0, r = 1, R are the coefficients set by experts.

Criterion 3. Let us introduce a random variable F = Z@ki (G)— ]Topt where
i=1

s+1-dimensional discrete random variable ©, ..., ®,, fopt is specified by the table:

s 05 O,
p.>0,r=1,R '

We need to find a solution to this problem:

min MF = minipr(i o'k (c)- 1, j 4)

ceQ ceQ ‘
i=1

Criterion 4. Find a feasible solution o(A,, ..., A, ) for which

A<L,1>0i=1LR. (5)
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Here, o(A,,..., A,) is a feasible solution ¢ € Q that has the specified in brack-

ets deviations from the optimums for each set of weights:

A, = Zs:coirki(c)— fr..r=LR.
i=1

Criterion 5. For one of the sets of weights w;, i =1,s ,r € {1, R}, find an op-

R
timal solution corresponding to min Z A, .

celo, |, =
"j=1,j-r

For the case of impossibility of finding a solution that satisfies criterion 4, pa-

pers [1, 2] propose a formal procedure for a compromise solution finding. The proce-

dure is based on the use of expert constraint weights A, <I,i =1, R.

In this paper, in contrast to [14], we propose a new approach to find a compro-
mise solution according to criterion 4 for the case when the constructive algorithm for
the combinatorial optimization problem solving in deterministic formulation is a linear
programming (LP) algorithm. The approach is as follows.

We need to find a feasible solution G(A e A R) for which

M=

oY, (6)

r=1

reaches minimum. Here, a,, r = 1, R, are weight coefficients; y,, r =1, R,

are the violations in the corresponding inequalities in the system (5). Their values are

determined by the following restrictions:

A -y, = oklc)-f, -y <L, r=1LR, 7
i=1
Y- sYp 2 0. (8)

R
If Z y,. = 0, then the obtained solution satisfies the constraints (5) and is optimal by
r=1

R
criterion 4. If Z y,. > 0, then the obtained compromise solution is optimal by criterion (6).

r=1

Finding a transportation problem solution in uncertainty conditions

Let us illustrate the proposed approach to a transportation problem under uncer-

tainty in the following form:

n

f= iz%xij — min, )]

i=1 j=1
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1 1 i=Lm
C = {cij}j:7
or
j— 2 _ 2 l:ﬁ
c=tfefum=1" " el (10)
’ or
i=L,m
ct {05 }j=7
x;=a,i=1m, (11)
j=1
x;=b,j=1Ln, (12)
i=1
x;20,i=1m;j=1n. (13)

Problem (9)—(13) is a transportation problem for which the transportation costs

. r F i=lm .
matrix can take one of R values C" = {c } _—,r=1,R, and we do not know 1n ad-

ij)i=1,n
vance which of these matrices will be relevant in time of the solution’s fulfillment.
Let us match the notation of the general theory to the notation of the problem
(9)-(13):
— the set Q is given by constraints (11)—(13);

i=1,m .
}J - (analog of ©);

— x 1s a feasible solution, x = {xij -

— x;; 18 (ij )-th numerical parameter of a feasible solution x;

m n S
— the function ZZcijxij is the function Zooiki(c) in the conditions of the
i=1 j=I i=1

problem we consider.
The problem (9)—(13) has all the properties of the studied class of combinatorial
optimization problems under uncertainty. It can be solved by any known method, for

example, by the potential method or by the Hungarian algorithm.

Let us call the objective function f = ZZc;xij — min a particular criterion.
i=1 j=1

Let TPr denote a (particular) transportation problem with the objective function

f= z ¢;x,; — min and constraints (11)~(13), x" an optimal solution to this
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In order to find a solution to the problem (9)—(13) that satisfies criterion 4, we

need to find a solution to the following LP problem:

R
> .y, - min, (14)
r=1
D> elx, -> > erx -y, <l,r=1R, (15)
i=1 j=1 i=1 j=1
x; =a,i=1m, (16)
j=1
XX =b,i=Ln, (17)
i=1
x;,20,i=1m;j=1n, (18)
y>20,r=1LR. (19)

Putting into (15) the optimal values of the objective functions TPr, r =1, R,

we obtain:

Let us apply the proposed approach of finding a compromise solution of the
transportation problem’s under uncertainty to solve instances with the dimension:
m=7,n=6.

Example 1. Given: R=2; a, = a, = 1;

20 ] 141 5 2 5 3 9 2 7 6 3 3 4 5
25 41 3 4 2 5 2 8 2 86 8 3 8
30 97 3 45 875 4 2 3 6 4 6
a=40,b=22,C’=859914,02:353597.(20)
10 iy 4 7 8 2 9 9 4 7 3 6 3 3
15 3 2 4 6 5 3 2 5 2 2 6 6 5
33| Lo 2 87 9 6 6 7 4 4 5 4 6]

We need to find a solution for which
A <L,A,<L,,1, >01,>0.

We give in Table 1 the optimal solutions of TP1 and TP2, as well as the corre-
sponding values of particular criteria.
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Table 1
Problem Optimal solution Criterion value Ay A,
[0 20 0 0 0 O]
0 0 25 0 0 0
0 18 0 12 0 0
TP1 X'={0 3 0 0 31 6 £, =462 0 489
0 0 0 10 0 0
0 0 0 0 15
14 0 2 0 0 17]
[0 0 0 20 0 O]
0 0 0 0 25 0
0 30 0 0 0 0
TP2 =14 0 26 0 0 0 f2,=568 464 0
0 0 0 0 0 10
0 11 1 0 0 3
0 0 0 2 6 25]

Example 1.1. Let the following restrictions be imposed on the quantities of A,

and A,:
A, £140, (21)
A, <120. (22)

The solutions x’ and x” do not satisfy the constraints (21)—~(22). In this case,

according to the proposed approach, we need to solve the following LP problem:

Y Y, > min, (23)
7 6
D> > cix, —462 -y, <140, (24)
i=1 j=1
7 6
> > eix, —568-y,<120, (25)
e
6
Yx,=a,i=17, (26)
j=1
7 -
2%, =b,i=16, (27)
i=1
x,20,i=1,7j=16. (28)
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Y, Y 2 0. (29)

After solving this problem, we obtain the integer solution:

0 0 0 12 0 8]
0O 0 0 0 25 0
0 22 8 0 0 0
x=|0 4 0 0 6 30|
0O 0 0 10 0 O
0 15 0 0 0 O
14 0 19 0 0 O

In this solution, f(x)=617, A, =155, y, =15, f*(x)=767, A, =199,
Yy, =79. Total excess of “desired” upper bounds on the values of A, and A, is
Y, + Y, = 94 . The solution x is an optimal compromise solution by criterion (6).

Example 1.2. Let A, <270, A, <170 . After solving the corresponding LP

problem, we obtain the integer solution:

0 0 0 20 0 O
0O 0 2 0 23 0
4 1 25 0 0 O
xX=|0 40 0 0 0 O
10 0 0 0 0 O

o 0 0 2 0 13

0 0 0 0 8 25]

Here, A, =263, y,=0,A,=165,y,=0, y, +y, = 0. The obtained solu-
tion is optimal by criterion 4.
Example 1.3. Let A, <150, A, <150 . Having solved the corresponding LP

problem, we obtain the non-integer solution:

0 0 0 1367 0  6.33
0 0 0 0 25 0
0 2367 6.33 0 0 0
Xx=| 0 17.33 0 0 6 16.67
1.67 0 0 833 0 0
0 0 0 0 0 15
12.33 0 2067 0 0 0 |

Init, f/(x)=612, A, =150, y, =0, f*(x)=772, A, =204, y, = 54,

Yy, +y, = 54. In this case, we need either to round the solution (if rounding leads to a
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feasible solution) or to use the iterative procedure for a compromise solution finding
described in [1, 2]. We presented its application for an individual problem solving in
[14].

The rounded solution is this:

[0 0 0 14 0 6]
0 0 0 0 25 0
0 22 6 0 0 0
x=[0 17 0 0 6 17|
2 0 0 8 0 0
0 0 0 0 0 15
12 0 21 0 0 0]

It is feasible, its characteristics are: f’ (a?)z 614 , A, =152, y, =2,
fz(f) =770, A, =202, y, =52, y, +y, =54. This solution is an optimal com-
promise solution by criterion (6).

Example 2. R = 4. We defined vectors a, b, matrices C' and C? in (20). Ma-

trices C® and C? are as follows:

37 8 8 2 2 25 8 6 6 9
5 2 4 6 4 8 5 5 5 4 5 9
2 9 2 37 6 9 8 8 57 8

C’=|4 6 5 7 3 7|,C*'=|4 2 5 9 7 8|.
4 6 5 4 5 2 6 6 9 6 6 5
4 9 5 2 5 3 9 7 4 2 3 6
4 2 5 4 9 4] 8 87 9 3 6]

The corresponding to them optimal solutions and the values of particular crite-

ria are:

o 0 0 0 0 20
0o 25 0 0 0 0
3 0 27 0 0 0

=19 0 0 0 31 0], fof,t =429,

o 0 0 0 0 10
o 0 0 15 0 0

|12 16 0 7 0 8|
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(14 3 0 3 0 0]
0 0 25 0 0 0
0 0 0 4 0 26
x*=10 38 2 0 0 0| f, =685.
0O 0 0 0 0 10
0 0 0 15 0 0
0 0 0 0 31 2]

We give in Table 2 the values of A, r = 1, 4, for the obtained solutions.

Table 2
Solution Ay Ay A3 Ay
5! 0 468 381 393
52 464 0 582 321
3 333 412 0 451
x* 386 339 501 0

Example 2.1. Suppose o, =2.5,0,=2, a; =1.5, o, =1, and let the re-
strictions A, <100, A, <100, A, <100, A, <100 be imposed on the values of

A ., r =1, 4. Having solved the corresponding LP problem, we obtain the integer so-

r

lution:

0o 0 0 o0 0 20

0O 0 0 0 25 0

0O 0 18 12 0 O

x=0 34 0 0 6 0

o 0 0 10 0 O

o 0 0 0 0 15
4 7 9 0 0 3

4
Init, A, =145, A, =272, A, =217, A, =333, ) a,y, = 865. This solu-

r=1
tion is an optimal compromise solution by criterion (6).

Example 2.2. Suppose oo, =1, 0, =1.5, a, =2, o, =2.5, and let the re-
strictions A, <200, A, <200, A, <200, A, <200 be imposed on the values of

A, r =1, 4. Having solved the corresponding LP problem, we obtain the non-integer

r

solution:
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[ 5.01 0 0 0 0 14.99]
0 0 0 0 25 0
0 0 27 3 0 0
x=|8.46 31.22 0 0 0.32 0
0 0 0 4 0 6
0 0 0 15 0 0

| 0.53 9.78 0 0 5.68 17.01]

4
Ithas A, =364, A, =A, =A, =200, ZOLryr = 164 . Rounding leads to in-

r=I1
feasibility of the solution (the 4th and 7th restrictions in the system (16) are not satis-
fied). In this case, we need to apply the iterative procedure for a compromise solution

finding we described in [14].

Conclusions

1. If the solution of a transportation problem under uncertainty should not be
necessarily integer, then the compromise solution is the solution of a single LP prob-

lem with the criterion of minimizing the total weighted excess of the “desired” upper

R
bounds on the optimal values of the particular functionals (Z oy, —> min).
r=1

2. If the solution of a transportation problem must be integer, then we can find a
compromise solution that satisfies the criterion 4 using the following scheme.

1) solve the LP problem with the criterion of minimizing the total weighted ex-
cess of the “desired” upper bounds on the optimal values of the particular functionals;

2) if the resulting solution is integer, then it is the desired compromise solution;

3) if the obtained solution is non-integer, then we round it. If the solution be-
comes infeasible after rounding (it does not satisfy the transportation problem’s re-
strictions), then we find the compromise solution according to criterion 4 using the it-

erative procedure from [14].
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