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OPTIMIZATION OF ELECTRICITY COSTS  
IN RESIDENTIAL HEAT SUPPLY SYSTEMS 

Abstract. Currently, there is a large number of objects related to recirculation of 
material flows, mixing of reagents of liquid and gaseous media, etc. Among them are heat 
supply systems of residential buildings. Their dynamics are described by differential 
equations with a deviating argument. Optimizing the operation of such objects using known 
methods is quite difficult. This paper proposes a dummy variable method for reducing the 
original system of differential equations with a deviating argument to a system of ordinary 
differential equations and transfer equations for which known optimization methods can be 
applied. The method is generalized to systems with a non-stationary deviating argument and 
to systems with several processes having an aftereffect. The practical use of the dummy 
variable method is shown on the example of solving the problem of optimal control of the 
heat exchange process in a private residential building. 
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Introduction 

Numerous processes occurring in living nature, economic systems and technical 
devices are characterized by the fact that their behavior depends on the prehistory of their 
course at a certain time interval, i.e. by the presence of an aftereffect [1,2]. Such systems 
with aftereffects are described by differential equations with a deviating argument. Recently, 
much attention is paid to the solution of problems of optimal control of systems with 
aftereffects. This is due to the emergence of a large number of technological processes 
associated with recirculation of material flows, reagent mixing of liquid and gaseous media, 
etc. A consequence of this is a large number of theoretical investigations of the qualitative 
properties of dynamical systems with an aftereffect. The results obtained are widely used in 
automatic control, mechanics, technology, economics, medicine and other industries. 
However, the study of systems with after-action is associated with significant difficulties, as 
a consequence of which the exact analytical solution of optimal control problems can be 
obtained only in exceptional cases. Moreover, along with the usual difficulties for finite-
dimensional problems, the consideration of controllable systems with aftereffects is 
associated with a number of specific difficulties due to the fact that the phase space of these 
systems is infinite dimensional as a rule. Overcoming such difficulties led to the 
development of various methods for solving control problems oriented to certain classes of 
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systems with aftereffects. Recirculation processes associated with the mixing of water of 
different temperatures in the batteries of the heating circuit are inherent in most of the heat 
supply systems of residential buildings. Hence, the minimization of energy costs for 
establishing and maintaining the optimal temperature regime is an urgent task, for the 
solution of which the dummy variable method is proposed in this article and the optimal 
control algorithm is implemented. 

Analysis of existing approaches  
A number of monographs [3-7] and many articles are devoted to the problem of 

optimal control of systems with aftereffects. However, in spite of a large number of 
publications in this field, the methods proposed therein allow one to solve only partial 
problems with respect to specific dynamical systems with aftereffects. Thus, the paper [8] 
obtains the necessary condition of optimality of the equality type for systems with delays 
and integral control limitations, the papers [9,10] investigate a linear dynamic system 
stability dependence on the form of its description, the papers [11,12] discuss a robust 
control synthesis in the presence of an after-action, the papers [13,14] develop methods for 
optimal stabilization of a neutral dynamic system with a given spectrum. A number of papers 
have shown that the optimal control problem for some simple systems with constant time lag 
can be solved on the basis of known optimization methods, in particular, on the basis of the 
maximum principle and the phase plane method [15,16]. Real dynamic systems are 
described, as a rule, by higher-order equations. For higher-order systems, the synthesis of an 
optimal control causes fundamental difficulties in obtaining an exact or approximate 
solution. This leads to the necessity of transition to systems equivalent to the initial systems 
with an aftereffect. A dummy variable method is proposed below that allows one to go from 
the initial system with an aftereffect to an equivalent system without an aftereffect. 

Problem statement 
For a system described by a differential-difference equation of the form 

  (t) = f(x(t),x(t –  ),u(t))                   (1) 
with an initial condition 

                                         (2) 
it is necessary to construct an equivalent system without delay τ.  

Method of dummy variables 
Let us move from the notation (1) and (2) to a system of ordinary differential equations 

and partial differential equations and transfer partial differential equations [4]: 
     

  
                                    (3) 

       

  
 

       

  
         (4) 

with initial and boundary conditions: 
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       (0);                        ; 
           , t                     (5) 

Here              ),   – control time. 
Substituting the solution of        equation (4) into relation (3), it is easy to see the 

equivalence of these representations. The variable   and vector         play the role of a 
dummy variables and a state vector for the case when there is no pure delay in the system 
defined by equation (1). 

The advantages of this definition are obvious since equation (4) can be applied to describe 
more general processes of systems with deviating arguments. To do this, it is sufficient to 
introduce some multiplier into this equation      ) and modify the right-hand side 
accordingly to obtain an equation of the form: 

       

  
       

       

  
                                           (6) 

with the same initial and boundary conditions (5) and keep the same system of ordinary 
differential equations (3). Equation (6) is known as the linear transfer equation [21]. Here is 
an      –  -dimensional vector of state of the system with lumped parameters,        –  
an  -dimensional vector of state of the process with pure delay,                
an  -dimensional output which is at the same time an input variable for the system (3),  
     –  -dimensional vector of control of the system with lumped parameters, and        – 
 -dimensional vector of control with pure delay (Fig. 1). 

 

Figure 1. Equivalent scheme of the system with aftereffects 

It is assumed that the functions  (.) and  (.) have continuous second derivatives on all 
arguments and satisfy Lipschitz conditions. The function        is continuous and, moreover, 
                  the derivative of the vector function      over the vector variable 
      does not depend explicitly on the control vector     . The admissible piecewise 
continuous controls      and        take values in given convex regions         . It 
can be shown that for given vectors of admissible controls       and        trajectories      
and        are uniquely determined by their initial and final conditions. 
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Using the dummy variable method described above, the systems with non-stationary 
lag given by the differential-difference equation: 

     

  
                                                  

It is easy enough to be reduced to the form 
     

  
                           

        

  
        

         

   
 =                             

at                             and initial and boundary conditions 

       (0);                             , 
                                  (9) 

            , t        ,           
by selecting the functions accordingly         and          

  (t,                     
      

  
                              (10) 

Equivalence of relations (7) – (10) follows from the conditions 
         = (t -                     

Optimal control of the heat transfer process in a private residential house 
Recently, in Ukraine, special attention is paid to the solution of energy saving tasks 

in the communal economy. In particular, the problem of synthesis of optimal control in an 
autonomous system of hot water supply and heating of a private house is considered below. 
The standard scheme of this system is shown in Fig. 2. 

It is known that the process of heat transfer in the circuit of heating and hot water 
supply of a private residential building is accompanied by the process of mixing water, that is, 
the process of recirculation [17]. Therefore, this process can be described by a system of 
differential equations with a delay argument, which is a simplified model of the Navier-Stokes 
equations [18,19]. The structural scheme of the heat exchange process is shown in Fig. 3. 

In the autonomous heat supply system shown in Fig. 2, two main modes of operation 
can be distinguished: 

 transition mode; 
 stationary mode. 
Transition mode. In this case, the output of the heating circuit to the nominal 

(stationary) mode of operation is considered in the presence of the specified temperature 
regime in the accumulator tank, and, therefore, also in the hot water supply circuit. Since the 
temperature in the storage tank is closely related to the heating circuit, the task is to set the 
specified value of the water temperature both in it and in the heating circuit. This can happen 
in different ways: 
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 through the coil of the primary coolant in the form of hot liquid from the boiler 
(Fig.3) or from a geothermal source; 

 through the coil of the primary coolant in the form of heated gas; 
 through a special coil with an electric spiral built into it. 

 

Figure 2. Scheme of heating and hot water supply in a private house  
(1 – external housing; 2 – storage tank; 3 – heat-insulating coating;  

4 – hole for cleaning the revision; 5 – water circulation pipe along the heating circuit;  
6 – heat exchanger; 7 – thermometer) 

 

Figure 3. Structural scheme of the heat transfer process 

In any case (with the exception of geothermal sources), bringing the heat supply 
system to a given temperature regime requires the consumption of energy resources. 
Therefore, optimization from the point of view of minimizing the consumption of energy 
resources in the transition mode is an important task. 

It is known that the process of heat transfer is accompanied by the process of water 
mixing, i.e. recirculation process. Hence, this process can be described by a system of 
differential equations with a delayed argument, which is a simplified model of the Navier-
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Stokes equations. At the same time, the amount of delay τ in our case can be determined 
based on the design parameters of the elements of the heating circuit and the nominal speed 
of water circulation. As a result, according to the structural scheme of the heating circuit 
(Fig.3), it is possible to write down the following system of differential-difference equations 
with the aftereffect: 

      

  
                                    

      

  
                             (11) 

at the given boundary conditions                            , where             – 
temperatures in the radiators and in the heating circuit coil.  

The purpose of optimal control is to ensure the output of the temperature in the heating 
circuit at the set point at the final moment of time     with minimal energy consumption   . 
For this formulation of the problem, the cost functional is defined by the expression: 

                   

 
          (12) 

We will also assume that the temperature    at the time interval is equal to the 
ambient temperature       , which corresponds to the real state of the heating system before 
operation. The solution of the optimal problem for the system (11) is very complicated and 
impossible in the analytical form due to the effect of the interaction. From the notation (11) 
let's move according to the dummy variable method to the notation of the form: 

      

  
                                 

      

  
                                                            (13) 

        

  
    

        

  
                     

        

  
   

        

  
                   

under boundary conditions: 
                    ;                              ,            (14) 

where:                                 – temperature in the pipes;   – the reduced 
control associated with the energy consumption to change the temperature of the coolants  
                  

  – the given temperature;    – a constant.  
As an optimization method we shall use the principle of maximum [20]. 
For equations of system (13) and functional (12), let us compose the Hamiltonians: 

        
                                          

                                                                   (15) 
                                           

where       are the auxiliary variables. 
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In this case, the system of conjugate equations and boundary conditions have the 
form: 

      

  
 = 0, 

      

  
                  

 
        

      

  
              

 
                                                 (16) 
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Since the optimal control must provide a maximum of the Hamiltonian, it follows 
from (15): 

        

 
 
 

 
         

  

  
     

  

  
        

  

  
      

          
  

  
       

 
 

 
 

                                           (18) 

To determine the law of temperature change, it is necessary to solve together 
auxiliary equations (16), (17) and equations (13), (14) using the formula for optimal control 
(18). Joint solution of these equations is a solution of boundary value problem. In the general 
case, the solution of such problems requires application of methods of computational 
mathematics [21]. The optimal control algorithm is realized on the basis of the following 
iteration procedure: 

Step 1. Set some initial value         and calculate                        
Step 2. Integrate the conjugate system of equations (16) in inverse time from      

to     and determine        and      . 
Step 3. From (18) determine     . 
Step 4. Substituting the found value     into (11) and integrate this system from 

    to    , determine a new value of      . 
Step 5. If the found value       differs from the original value, go to step1. If they 

are close (to a given degree of accuracy), then the found control is optimal. 
This algorithm can be used in the case of simultaneous output of heating circuits and 

hot water supply to stationary mode. 
Stationary mode. It consists in the stabilization (maintenance) of the given 

temperature regime with small changes in the temperature of the external environment and 
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the current volume of hot water consumption. We believe that the temperature of the primary 
heater is stable and corresponds to the specified temperature regimes. For the heating circuit, 
the main condition for the ability to control this mode is that the heating time in the coil of 
the heating circuit must be much shorter than the water circulation time in this circuit. In this 
case, the stabilization of the temperature regime is ensured with the help of a circulation 
pump by a corresponding change in the speed of water circulation. Stabilization of the 
temperature regime of the heating circuit is completely determined by the stability of the 
temperature of the accumulator tank, which, in turn, can be provided in the proposed heat 
exchanger by both constructive feedback and automatic compensation of water consumption. 
At the same time, the main condition is that the water heating time in the coil of the hot 
water supply circuit, determined from the dynamic model of the heat exchanger, should be 
much less than the water mixing time in the storage tank. 

Conclusion 

The problem of optimization of dynamic systems with an aftereffect, the 
mathematical model of which can be represented by a system of differential equations with a 
deviating argument, is considered. The dummy variable method proposed in this article 
allows applying the standard apparatus of optimization methods to the original system with 
an aftereffect by replacing the latter with an equivalent system of ordinary differential 
equations and partial differential equations in which there is no net delay. The method is 
generalized to systems with non-stationary delay and to systems with several processes 
having an aftereffect. The practical use of the dummy variable method is shown on the 
example of solving the problem of optimizing the heat exchange process in a private 
residential building, for which an optimal control algorithm has been synthesized. 
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